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We present a technique based on multi-photon detection which leads to a strong focussing of
photons scattered by independent single photon emitters. For N single photon sources it is shown
that if m− 1 photons are detected in a particular direction (with m ≤ N) the probability to detect
the m-th photon in the same direction can be as high as 100 %. This measurement induced focussing
effect is already clearly visible for m > 2.
PACS numbers: 42.50.-p, 42.50.Dv
The manipulation of the spatial radiation characteris-
tics of light sources is an outstanding problem in quan-
tum optics. The efficient directional emission of photons
into well-defined modes by single photon sources is for
example of vital importance for tasks in quantum infor-
mation processing. In recent years significant progress
has been made to obtain a higher focussing of radiation,
either using geometrical approaches, e.g., collecting pho-
tons with optical devices like lenses [1, 2] or mirrors [3, 4],
or exploiting effects from cavity QED, i.e., using micro-
cavities [5, 6], photonic crystal waveguides [7], photonic
nano-wires [8] or nano-antennas [9, 10].
An alternative approach to achieve a higher direction-
ality in the emitted radiation is the use of entangled light
sources [11–15]. Here, directionality is accomplished in-
trinsically without employing additional optical devices.
A simple explanation of this phenomenon based on quan-
tum interferences valid also for potentially widely sepa-
rated sources has been proposed recently [16]. However,
the entanglement of a large number of emitters is still
challenging, even though significant progress has been
made recently [17–19]. Therefore it would be desirable if
an ensemble of independent emitters in a separable state
would show the same spatial focussing effects as the en-
tangled system.
In this paper we propose a measurement scheme which
leads to a strong focussing of the incoherent radiation
emitted by an ensemble of non-interacting uncorrelated
single photon sources, e.g., atoms which are initially pre-
pared in the fully excited state. The technique is based
on multi-photon detection generating source correlations
which produce the heralded peaked emission pattern [20].
In the following we consider a chain of N identical
single photon sources, e.g., two-level atoms with upper
level |el〉 and ground state |gl〉, located at positions Rl
(l ∈ {1, ..., N}) along the x-axis (cf. Fig. 1). We assume
an equal spacing d between the emitters and kd > 1 in
order to neglect all atomic interactions like the dipole-
dipole interaction, where k = 2piλ is the wave number of
the transition |el〉 → |gl〉. We suppose that the atomic
chain is initially fully excited to the separable state |SN 〉
...
… …
...
FIG. 1: Simplified scheme of the considered setup: N two-
level atoms located at positions Rl (l ∈ 1, ..., N) along the x-
axis and separated by a distance d are initially fully excited.
m detectors are situated in the x−z plane at rj (j ∈ 1, ...,m),
each measuring a single photon in the far field of the atoms.
with
|SN 〉 ≡
N∏
l=1
|el〉 . (1)
We further assume m detectors placed in the x− z plane
in the far field in a circle around the sources at positions
rj (j ∈ {1, ...,m}, m ≤ N), each supposed to detect a
single photon. This process can be described by the m-th
order correlation function
G
(m)
|SN 〉(r1, t1; ...; rm, tm) ≡ 〈Eˆ(−)(r1, t1)... Eˆ(−)(rm, tm)
⊗ Eˆ(+)(rm, tm)... Eˆ(+)(r1, t1)〉 ,(2)
where the positive frequency part of the electric field op-
erator Eˆ(+)(rj , tj) is given by [28]
Eˆ(+)(rj , tj) ∼ −e
i k rj
r3j
N∑
l=1
rj × (rj × pge) e−i ϕlj sˆ−l (tj) .
(3)
Here, Eˆ(−) = Eˆ(+)
†
, pge is the dipole moment of the
transitions |el〉 → |gl〉, sˆ−l = |gl〉〈el| is the atomic lower-
ing operator, and ϕlj the optical phase difference accu-
mulated by a photon emitted at Rl and detected at rj
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2relative to a photon emitted at the origin (cf. Fig. 1)
ϕlj ≡ ϕlj(rj ,Rl) = −k rj ·Rl
rj
= −l kd sin θj . (4)
Note that according to Fig. 1 rj is approximately equal
for all j. In the following we consider for simplicity pge
to be oriented along the y direction, so that pge · rj =
0 . With these assumptions and omitting all constant
factors, Eq. (3) takes the form
Eˆ(+)(θj , tj) ∼
N∑
l=1
e−i ϕlj sˆ−l (tj) . (5)
Here, the field is defined dimensionless and hence all cor-
relation functions of m-th order would be dimensionless.
The actual values can be obtained by multiplying G
(m)
|SN 〉
with m times the intensity produced by a single atom.
Let us start by investigating the m-th order correlation
function for the separable state |SN 〉. At equal times it
calculates to
G
(m)
|SN 〉(θ1, ..., θm) = ||
N∑
σ1,...,σm=1
σ1 6=... 6=σm
m∏
j=1
e−i ϕσjj |gσj 〉||2
=
N∑
σ1,...,σm=1
σ1<...<σm
|
∑
σ1,...,σm
∈Sm
m∏
j=1
e−i ϕσjj |2 , (6)
where the norm of the state vector |ψ〉 is given by
|||ψ〉||2 = 〈ψ|ψ〉, the single bars |...| abbreviate absolute
values, and the expression
∑
σ1,...,σm
∈Sm
denotes the sum
over the symmetric group Sm with m elements σ1, ..., σm
and cardinality m!. The products
∏m
j=1 e
−i ϕσjj denote
m-photon quantum paths where m photons are emitted
from m sources at Rσj and recorded by the m detec-
tors at rj . Since, due to the far-field scheme none of the
m detectors can distinguish which of the N ≥ m atoms
emitted a particular photon, we have to sum over all pos-
sible combinations of m-photon quantum paths, what is
expressed by the sum
∑N
σ1,...,σm=1
in the first line of Eq.
(6). Hereby, the condition σ1 6= ... 6= σm is applied since
terms with σi = σj vanish as sˆ
−
σj |gσj 〉 = 0. Consid-
ering that several combinations of m-photon quantum
paths lead to the same final atomic state and thus have
to be superposed coherently, we end up with the modu-
lus square in the second line of Eq. (6). Hereby, for the(
N
m
)
different final atomic states, the corresponding tran-
sition probabilities |...|2 have to be added incoherently,
what results in the first sum
∑N
σ1,...,σm=1
σ1<...<σm
of the second
line of Eq. (6).
Consider now that m − 1 out of the m detectors are
placed at r1 and the last detector at r2. Under these
conditions the m-th order correlation function takes the
form
G
(m)
|SN 〉(θ1, ..., θ1, θ2) =
N !(m− 1)!
(N −m)!
×
(
N −m
N − 1 +
m− 1
N(N − 1)
sin2(N ϕ11−ϕ122 )
sin2(ϕ11−ϕ122 )
)
, (7)
with a visibility V = (G(m),max|SN 〉 − G
(m),min
|SN 〉 )/
(G
(m),max
|SN 〉 + G
(m),min
|SN 〉 ) given by
V = m− 1
m+ 1− 2mN
. (8)
For m = 1 the visibility is zero, i.e., the mean radiated
intensity is a constant, which illustrates the fact that the
atoms scatter incoherently. For 1 < m N the visibility
is approximately given by V = m−1m+1 , whereas for m = N
the maximum value V = 1 is obtained .
From Eq. (7) it can be seen that even though all atoms
emit incoherently, the m-th order correlation function
G
(m)
|SN 〉(θ1, ..., θ1, θ2) displays for m > 1 the interference
pattern of a coherently illuminated grating, with the cen-
tral maximum located at r2 = r1 having a width δθ2
(FWHM) of
δθ2 ≈ 2pi
N k d
. (9)
For increasing numbers of emitters N we thus observe
a strong focussing of the radiated intensity in the direc-
tion of r1. Yet, according to Eq. (8), the visibility of the
m-th order correlation function decreases for growing N
and fixed m. Observing a strong focussing of the emit-
ted radiation together with a visibility of 100 % requires
thus to measure G
(m)
|SN 〉(θ1, ..., θ1, θ2) for large numbers of
atoms N and m = N . However, if a visibility V ≈ 13 is
considered sufficient, it suffices to measure G
(2)
|SN 〉(θ1, θ2)
for N  2 to observe a focussing close to a δ-function,
as V N→∞−−−−→ 13 .
Figure 2 displays G
(N)
|SN 〉(0, ..., 0, θ2) as a function of the
observation angle θ2 for N = {2, 3, 5, 10}. For a better
comparison each function is normalized to its maximum
value. Further, we chose θ1 = 0 and kd = pi to keep
the focus to the central maximum. Clearly, the width
of the m-th order correlation function is decreasing for
increasing correlation order m and number of atoms N .
We finally give a physical explanation for the discussed
behavior, being quite unexpected for an ensemble of in-
dependently radiating single photon sources. Since the
effect is strongest for m = N , let us focus on this case;
a generalization to N > m is straightforward. Consider
the initially fully excited state |SN 〉 (Eq. (1)). After de-
tection of the first photon, this state is projected to
|SN 〉1 = 1√
N
(|g1〉|e2〉...|eN 〉+ |e1〉|g2〉...|eN 〉
+...+ |e1〉|e2〉...|gN 〉) , (10)
3FIG. 2: Plots of the correlation function G
(N)
|SN 〉(0, ..., 0, θ2) for
N = {2, 3, 5, 10} and kd = pi, each normalized to its maximum
value.
since due to the far-field assumption the photon could be
scattered by any of the N atoms. As more and more pho-
tons are recorded, the state of the atomic system evolves,
so that, after N − 1 detection events, the state |SN 〉N−1
is attained given by
|SN 〉N−1 = 1√
N
(|e1〉|g2〉...|gN 〉+ |g1〉|e2〉|g3〉...|gN 〉
+...+ |g1〉...|gN−1〉|eN 〉) . (11)
This state corresponds to the single-excitation W-state
|W1,N−1〉 [29]. In other words, employing a measurement
scheme where N − 1 photons are detected at position
r1, we project the initially fully excited state |SN 〉 onto
|W1,N−1〉 [30]. The spatial emission pattern of this state
is then measured by the last detector at r2, corresponding
to a measurement of the mean intensity G
(1)
|W1,N−1〉(θ2)
for the state |W1,N−1〉. For this state a strong focussing
of the mean radiated intensity in the forward direction
occurs what can be explained in a purely quantum path
framework [16]. We thus showed that a property intrinsic
to measurements on quantum systems can be used to
produce a directional emission of radiation.
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